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^^ , Abstract. In this paper, we prove that a non-semisimple Hopf algebra H of 

ff^ ' dimension 4p with p an odd prime over an algebraically closed field of charac- 

teristic zero is pointed provided H contains more than two group-like elements. 
In particular, we prove that non-semisimple Hopf algebras of dimensions 20, 
. 28 and 44 are pointed or their duals are pointed, and this completes the clas- 

■^r ' sification of Hopf algebras in these dimensions. 
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Introduction 



Let Ik be an algebraically closed field of characteristic zero. Kaplansky con- 
jectured in [Kap] that there are only finitely many isomorphism classes of finite- 
dimensional Hopf algebras over Ik for any given dimension. His conjecture was 
04 ' disproved by counterexamples of dimension p* with p an odd prime (cf. [ASl], 

^ ', [BDG] and [Gel2]). However, there are only finitely many isomorphism classes 

of dimension 16 [GV]. The smallest known dimension for which infinitely many 
^v^ I non-isomorphic Hopf algebras exist is 32 [EGl]. 

The dimension 30 has been recently classified in [FukD]. For the dimensions 
less than 32, only 20, 24, 27, 28 have not been completely classified, and they are 
(^ • products of at least three primes. All other Hopf algebras of dimension less than 32 

C^ [ are known to have finitely many isomorphism classes (cf. [Bea] for more details). 

This paper concerns mainly non-semisimple Hopf algebras of dimension 4p, and we 
complete the classification for dimensions 20, 28 and 44 in Theorem H. 

For a pair of distinct primes p and q, semisimple Hopf algebras of dimension 
, pq'^ < 100 are classified (cf. [Natl], [Nat2] and [Nat4]). By the recent result of 

j^ ■ [ENO], these semisimple Hopf algebras are of Frobcnius type. For q = 2, it follows 

from [Nat2, Theorem 0.1] that there arc exactly two isomorphism classes S!/o,£^i 
of non-trivial semisimple Hopf algebras over k of dimension Ap. These semisimple 
Hopf algebras jz/i were constructed in [Gell] and they are self-dual. 

Non-semisimple pointed Hopf algebras of dimension pq^ were classified in [AN, 
Lemma A.l]. The classification can be described in terms of the Taft algebras and 
the Hopf algebra A{t, /i) which is defined as follows: for a primitive q-th root of 
unity T e k, and yu e {0, 1}, A{t, ij,) is the k-algebra generated by the elements a 
and y with the relations 

aP'? = l, y« = /i(l-a«), ay ^ rya . 
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The comultiplication A on A{t, fi) is defined by 

A(a) ~ a(S> a, A(y) = y®l + a(X)j/. 

There are exactly 4:{q ~ 1) isomorphism classes of non-semisimple pointed Hopf 
algebras H of dimension pg^. and they are given by ^(t, 0), ^(r, 0)*, A(t, 1), and 
Tq ® Ik[Zp] where r is a primitive g-th root of unity, and Tq is a Taft algebra of 
dimension q^ . The set of group- like elements of any of these Hopf algebras forms a 
cyclic group of order pq. 

It was proved in [Radl] that A(t, 1)* is not a pointed Hopf algebra. Therefore, 

(t) ^(t,0), y^(T,0)*, A(t,\). AijAY and Tq®\\Lp\ 

account for 5((7 — 1) isomorphism classes of non-semisimple Hopf algebras of dimen- 
sion "pq^ . 

The classification of general non-semisimple Hopf algebras of dimension yq^ re- 
mains open. The problem requires a thorough understanding of Hopf algebras of 
dimension pg which is also open in general (cf. [EG2], [Ng2] and [Ng4]). However, 
the classification of Hopf algebras of dimension p. p^. 2p (cf. [Zhu], [Ngl] and [Ng3]) 
suggests a possibility for dimension 2g^ or 4p. It has been recently proved in [HN] 
that a non-semisimple Hopf algebra of dimension 2g^ is isomorphic to exactly one 
in the list (f ) with p = 2. 

By the same rationale, one would expect the 4p case can be solved by adjusting 
the technique used in the 2p^ case. In fact, we prove the following theorem which 
completes the classification of non-semisimple Hopf algebras of dimension 4p with 
more than two group- like elements. 

Theorem I. Lei H be a non-semisimple Hopf algebra over k of dimension Ap where 
p is an odd prime. Then H is pointed if and only if \G{H)\ > 2. 

It remains unclear whether there exists a non-semisimple Hopf algebra H of 
dimension Ap with fewer than three group-like elements such that neither H nor 
H* is pointed. 

A 4p-dimensional Hopf algebra which is neither pointed nor dual pointed could 
be constructed from a p-dimensional braided Hopf algebra R in the Yctter-Drinfeld 
category jf^yV by Radford biproduct or bosonization R x H^^ where H^ denotes 
the Sweedler algebra. We prove in Proposition 3.2 that H is such a biproduct if, 
and only if, both H and H* admit a non-trivial skew primitive element. 

For any odd prime p < 11, we show in Lemma 5.1 by counting arguments 
that every non-semisimple Hopf algebra of dimension Ap admits a non-trivial skew 
primitive element. Together with the investigation of p-dimensional braided Hopf 
algebras in u'^yT) in Sections 3 and 4, we prove our main theorem in this paper: 

Theorem II. If H is a non-semisimple Hopf algebra of dimension Ap, where p < 
11 is an odd prime, then H or H* is pointed. In particular, for each of these 
dimensions, there are exactly 5 isomorphism classes which are given by the list (f). 

The non-semisimple case of dimension 12 was classified by Natale in [Nat3], and 
the semisimple case was completed by Fukuda in [Fuk] . 

Theorem II and the main result of [HN] justify the following conjecture. 

Conjecture. Let p, q be distinct primes. For any non-semisimple Hopf algebra H 
over k of dimension pq^ , H or H* is pointed. 
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This paper is organized as follows: Section 1 collects some notation and pre- 
liminary results for the later sections. In Section 2, we specialize to study non- 
semisimplc Hopf algebras of dimension 4p, and prove Theorem I. In Section 3, we 
turn our focus to p-dimensional braided Hopf algebras R in the Yetter-Drinfeld cat- 
egory hV^'^- We show that these algebras are always semisimple, and we provide 
a necessary condition in Theorem 3.8 for a non-commutative R. This condition 
implies R is commutative for dimi? = 3, 7, 11. For dim_R = 5, the commutativity of 
R is shown in Section 4. Finally, we prove the technical Lemma 5.1, and complete 
the proof of Theorem II in Section 5. 

1. Notation And Preliminaries 

Let iJ be a finite-dimensional Hopf algebra over k with comultiplication A, counit 
e and antipode S. A left integral of H is an element A E H such that hA = e{h)A, 
and a right integral of H can be defined similarly. The subspace of left (or right) 
integrals of H is always 1-dimensional (cf. [Mon]). 

The dual H* of H admits a natural Hopf algebra structure and the comultipli- 
cation A induces two natural actions of H* , -^ and ^, on H given by 

f ^h = hif{h2), and h ^ f = /(/ii)/i2 ior h e H, f e H* , 

where A(/i) = hi ® h2 is the Sweedler notation for comultiplication with the sum- 
mation suppressed. One can easily see that an element A G H* is a right integral 
if, and only if, 

(1.1) h^\ = \{h)lH for a\\h(^H . 

A non-zero clement g E H is said to be group-like if A.{g) ~ g® g. The set of all 
group-like elements of iJ, denoted by G{H), forms a group under the multiplication 
of H, and is linearly independent over k. The distinguished group-like elements 
a G G{H) and a E G{H*) are respectively defined by the conditions: 

Ah = a{h)A, A ^ /i = X{h)a for all h e H, 

where A G H* is a non-zero right integral, and A G ii/^ is a non-zero left integral. 
The fourth power of the antipode can be expressed in terms of the distinguished 
group- like elements a G H and a G H* by the celebrated Radford formula [Rad2]: 

(1.2) S^{h) = a{a^h^ a"i)a"^ for hEH. 

The antipode conceives important information of the underlying Hopf algebra. The 
following theorem by Larson and Radford (cf. [LR], [LR], [Rad4]) manifests how 
the antipode relates to the semisimplicity of a Hopf algebra. 

Theorem 1.1. Let H be a finite- dimensional Hopf algebra over the field k with 
antipode S . Then the following statements are equivalent: 

(i) H is not semisimple; 

(ii) H* is not semisimple; 

(in) S^ ^ iAh; 

(iv) Tr(52) = 0; 

(v) Tr(52 o r{h)) = for all be H, 

where r{b) denotes the linear operator on H defined by r{b){x) ~ xb. 
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This well-known result will be used repeatedly without further explanation in 
the sequel. 

Recall that for an iJ-modulc V, the left dual 1/^ is the left _ff-niodulc with the 
underlying space V* = Honiis(y,k) and the _ff-action given by 

{hf){x) = f{S{h)x) ioixeV, f eV*,heH. 

The right dual ^^ of F is defined similarly but the iJ-action is given by 

{hf)ix)^fiS~Hh)x). 

The collection iJ-modfin of all the _ff-niodules of finite dimension over k forms a 
rigid monoidal category. 

For any U,V,W Q -ff-modfin, we have the following natural isomorphisms: 

(1.3) RoniHiV"' (E)U,W)^ RoniHiU, V(E)W)^ RomniU (g) "^W, V) . 

For an algebra automorphism a on H, denote by a-V the iJ-module with the 
underlying space V and the cr-twisted action given by h-v = <7{h)v for h e H,v eV. 
The natural isomorphism j : 52I/ — >■ 1/^^ of vector spaces is an iJ-modulc map. In 
particular, we have 

(1.4) s^V^V'''' for y e ff-modfip . 

j 
Similarly, one also has the //-module isomorphism 5-2 1/ = ^^F. 

Let P{V) and I{V) respectively denote the projective cover and the injcctive hull 

oiV€ iJ-modfin, and Irr(iJ) a complete set of non-isomorphic simple i7- modules. 

For (3 e G{H*), we define k^ as the 1-dimensional i7- module which affords the 

irreducible character /?. We will simply write k for the trivial 1-dimcnsional H- 

module k^. If a e H* is the distinguished group-like element and V G Irr(i7), then 

it follows from [Ng4, Lemma 1.1] that 

k„-i ® '^'^V = Soc(P(V^)) and V = Soc(P(k„ ® V"''^)). 

Since _ff is a Frobenius algebra, we have 

(1.5) /(k,-i ^^^^) = P(y) . 

For M,V <E iJ-modfip, we define [M : V] := dimHom//(P(y),M). If V is simple, 
[M : V] is equal to the multiplicity of V appearing as a composition factor of M. 
By [Ben, Lemma 1.7.7], we have 

(1.6) [M : V] = dimHomij(M, I{V)). 
Lemma 1.2. Let V,W he simple H-modules. Then 

[P{V) : W] ^ [P{W) : k„-i ® """^V] . 

In addition, if dimF 7^ dimW^ and [P{V) ■.W]>0, then 

dimP{W) > 2dimiy + [P{V) : W]dimV and 
dimP(l^) > 2dimF + [P{V) : W]dimW . 

Proof. By (1.5) and (1.6), we have 

[P(V) : W] = diniRomHiPiW), P{V)) 

= dimRomH{P{W), I{K-i ^"F)) = [P{W) : k„-i ^"F] . 
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If [P(y) : W] > and dimy ^ dimW, then [P(W) : Ik„-i (g) ^^V"] > 0. Thus, 
besides the socle and the head, P{W) has the composition factor k^-i <E) '^'^V with 
muhiphcity [P(l/) : W]. Therefore, 

dimP{W) > 2dimTy + [P{V) : W]dimV . 

The second incquaUty can be obtained by the same argument. D 

Lemma 1.3. Let H be a finite- dimensional non-semisimple Hopf algebra with Ja- 
cobson radical J. For any simple H -modules V, W , we have 

[JP{V)IJ^P{V) : W] = diinExt(y,W) = [Soc(/(M^)/M^) : V]. 

In addition, if H* has no non-trivial skew primitive element, then each simple 
H -suhmodule of JP(k)/ J^P(k) or Soc(/(k)/k) is not 1-dimensional. 

Proof. Let us abbreviate P{V) as P, and consider the natural exact sequence 

o^jp^p^y^o. 

For any simple _ff-niodule W , we have the associated long exact sequence 

-^ Homjf (y, W) ^ HomH(P, W) -^ HomH( JP, W) -^ Ext(V", W) ^ Ext(P, W) . 

Since Ext(P, W) = and Hom/f (y, W) — > Hom/f (P, W) is an isomorphism, we find 

KoiJiH (J P/J^P, W) ^ HomH(,/P, W) 4 Ext(y, W) . 

Therefore, [JP/,PP : W] = diinExt{V,W). The second equality can be obtained 
similarly by considering the exact sequence 

O^W ^ I(W) -^ I{W)/W -^ . 

If H* does not have any non-trivial skew primitive element, then, by [EG2, 
Lemma 2.3], Ext(y,py) = for any 1-dimensional iJ-modules V,W. Therefore, 

[JP(k)/ J2p(k) ; W] = [Soc(/(k)/k) : W] ^ 

for all 1-dimensional i7-modules W. D 

The dimensions of projective modules over a finite-dimensional Hopf algebra are 
of particular importance to the remainder of this paper. The following fact on 
linear algebra is quite useful to study these dimensions. 

Lemma 1.4 ([Ng3, Lemma 1.4]). Let V be a finite- dimensional vector space over 
the field k, p a prime, and T a linear automorphism on V such that Tr(r) — 0. // 
T^ = idy for some positive integer n, then p divides the dimension of V . 

We close this section with the following corollary which is an application of the 
preceding lemma. 

Corollary 1.5. Let H be a non-semisimple Hopf algebra over k with antipode S . 
If 01 d{S^) = p" for some prime p, then every indecomposable projective H -module 
P such that P = P^^ as H -modules has dimension divisible by p. 

Proof. Let P be an indecomposable projective i?- module such that P = P^^. 
In view of (1.4), P = 52P. By [HN, Lemma A. 2], there exists an i?-module 
isomorphism (^ : P — > 52P such that (pP = id. It follows from [Ng4, Lemma 1.3] 
that Tr{(f) = 0. Therefore, Lemma 1.4 implies that p divides dimP. D 
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Sweedler's 4-dimensional Hopf algebra Hi is of particular interest in this paper. 
The Hopf algebra H4 is identical to the Taft algebra T2, which is generated as a 
k-algebra by x, g subject to the relations 

(1.7) g^ = 1, x^ = and gx = —xg. 

The comultiplication A//^ , the counit e/f^ , and the antipode Sh^ are given by 

Aff4 (x) = X (g) g + 1 ® X, e//^ (x) = 0, Sh^ (x) = -xg, 

^hA9)=9®9: £^4(5) = !, ShA9)=9- 
This notation will be used frequently in Sections 3 and 4. 

Remark 1.6. The Hopf algebra H4 is self-dual, and it is the unique non-semisimple 
Hopf algebra over k of dimension 4 up to isomorphism. 

2. NON-SEMISIMPLE HOPF ALGEBRAS WITH DIMENSION Ap 

In this section, we will focus on non-semisimple Hopf algebras H of dimension 
4p, where p is an odd prime, and we prove Theorem I. In particular, this completes 
the classification of non-semisimple Hopf algebras H of dimension Ap with \G{H)\ 
or \G{H*)\ > 2 by applying the result of Andruskiewitsch and Natale [AN, Lemma 
A.l]. It will be shown in Section 5 that this condition on the group- like elements 
holds for p < 11 . 

Throughout the remainder of this paper, we assume p is an odd prime, and H 
is a non-semisimple Hopf algebra of dimension Ap. We begin with 

Lemma 2.1. 

(i) // H contains a Hopf subalgebra K of dimension 2p, then H is pointed and 

K is isomorphic to a cyclic group algebra. 
(ii) // H contains a Hopf ideal I of dimension 2p, then H* is pointed and H/I is 

isomorphic to a cyclic group algebra. 

Proof, (i) By [Ng3], K is semisimple and so Sj^ = id/^. Therefore, there are at 
least 2p eigenvalues of S^, including multiplicities, which are 1. Since H is not 
semisimple, Tr(S'^) = and this forces the remaining 2p eigenvalues of S*^ to be 
all -1. Thus, S"* = idff and the order of 5"^ is 2. By [AS2, Proposition 5.1], K is 
equal to the coradical of H. It follows from [AN, Lemmas A.l and A. 2] that H is 
pointed, K = k[G{H)] and G{H) is a cyclic group of order 2p. 

(ii) If / is a Hopf ideal of dimension 2p, then H/I is a Hopf algebra of dimension 
2p and H* admits a Hopf subalgebra isomorphic to {H/I)* . By (i), H* is pointed 
and H/I is isomorphic to a cyclic group algebra. D 

We precede our discussion with the following remark. 

Remark 2.2. Let K be a commutative semisimple Hopf subalgebra of H . By 
Nichols- Zoeller Theorem, H is a right free K -module of rank dimiJ/dim/'ir. // 

E is the set of orthogonal primitive idempotents of K , then H = ^ He is a 

eeE 
decomposition of left H-module and dimiJe = dimiJ/dim/'ir for all e G E. 

Lemma 2.3. If p \ \G{H)\, then H is pointed. 
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Proof. Let g G G{H) such that oiA{g) = p. First we show that the composition 
factors of P{h) are 1-dimensionaL 

Let {ei, . . . , Cp] be the complete set of orthogonal primitive idempotents of Ik[g]. 
By the preceding remark, H = ^^ Hci is a decomposition of left iJ-modules, and 
dhwHei = 4. By the Krull-Schmidt Theorem, dimP(F) < 4 for all V" e Irr(i7). 
Since H is not semisimple, k is not projective. Therefore, 2 < dimP(Ik) < 4. 

If dimP(k) = 2,3, then all its composition factors are 1-dimensional. Suppose 
dimP(k) = 4 and it has a composition factor V of dimension greater than 1. Then 
dimF = 2, [P(k) : y] = 1 and V is not projective. By Lemma 1.2, 

dimP(V^) > 2dimV^ + 1 > 4, a contradiction! 

Since P(k) is not simple and all its composition factors are 1-dimensional, it 
follows from Lemma 1.3 that H* admits a non-trivial skew primitive element. Now, 
we apply [AN, Proposition 1.8] to conclude that H* contains a non-semisimple 
pointed Hopf subalgebra K of dimension M'^N with M > 1. By Nichols- Zoeller 
Theorem, A/^A^|4p and this implies M — 2 and N = 1 or p. 

If A^ = p, then K = H* . By the classification [AN, Lemma A.l] of pointed Hopf 
algebras of dimension 4p, either K* is pointed or |G'(Ar*)| = 2. Since p \ \G{H)\, 
K* is pointed and so is H. 

If A^ = 1, then K is isomorphic to the Sweedler algebra H4. By dualizing the 
inclusion map K -^ H*, we find a Hopf algebra surjection tt : H ^ H4. Moreover, 
the coinvariant R = H'^°'^ = ^r € H \ ri (E> 7r(r2) = r $5 1} is a (left) normal left 
coideal subalgebra of dimension p (cf. [Mon, 3.4.2 (2)]). Since 7r(g) is a group-like 
element of H4, Trig) = 1 and hence P = k[(/]. In particular, P is a normal Hopf 
subalgebra of H by [Tak, 4.5 (a)]. Therefore, we have the exact sequence of Hopf 
algebras: 

1 -^ k[g] -^ H ^ Hi^l. 

One can dualize the sequence and apply [HN, Proposition 1.6] to conclude that H 
contains a semisimple Hopf subalgebra of dimension 2p. Then, by Lemma 2.1, H 
is pointed. D 

Corollary 2.4. Let S be the antipode of H . Then S^^ = id^. Moreover, for 
V G Irr(iJ) such that V = 1/^^, dimP(T^) is even. In particular, dimP(k) is an 
even integer. 

Proof. Let a e H* and a £ H he the distinguished group-like elements. If p 
divides ord(a)ord(a), then p \ \G{H)\ or p \ \G{H*)\. It follows from Lemma 2.3 
that H or H* is pointed. By [AN, Lemma A.l], S^ = idn- On the other hand, 
if p I ord(a)ord(a), then ord(a) and ord(a) are factors of 4. Thus, the statement 
follows from Radford's formula (1.2) of S^. 

li V e Itt{H) is isomorphic to V'^'^ , then P{V) ^ PiVy^ , and the second 
statement follows immediately from Corollary 1.5. D 

Lemma 2.5. The order of G{H) is not divisible by 4 and 5® = id. 

Proof Suppose 4 | \G{H)\. Then \G{H)\ = 4 otherwise \G{H)\ = 4p which implies 
H is semisimple. The Hopf subalgebra K = k[G{H)] is commutative and semisim- 
ple. Let {61,62,63,64} be the set of orthogonal primitive idempotents of K. In 
view of Remark 2.2, 

diiaHei = p . 
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Note that S*^ stabilizes Hei and Tx{S'^\Hei) = 0- It follows from Lemma 1.4 and 
Corollary 2.4 that dimiJe^ is even, a contradiction. Therefore, 4 \ \G{H)\. 

If iJ or H* is pointed, then the classification of [AN, Lemma A.l] implies 5* = id. 
If neither H nor H* is pointed, then Lemma 2.3 forces p \ \G{H)\\G{H*)\. Thus, 
lcm(|G(iJ)|, \G{H*)\) < 2 and the second part of the statement follows immediately 
from Radford's formula of S*"*. D 

Now we can prove Theorem I. 

Proof of Theorem I. If \G{H)\ > 2, then it follows from Lemma 2.5 that p \ \G{H)\. 
The result then follows immediately from Lemma 2.3. Conversely, if if is a pointed 
Hopf algebra of 4p, then G{H) is a cyclic group of order 2p by [AN, Lemma A.l]. 
This completes the proof of Theorem I. D 

We close this section with an observation on 2-dimensional simple ii-modules. 

Lemma 2.6. Every 2-dimensional simple H-module is not self-dual. 

Proof. Suppose V^ is a simple if -module of dimension 2 such that V = V^ . Then 
H* is not pointed otherwise all simple ii- modules are of dimension 1. Moreover, 
we have araiV = annV^^ = S'(anny). Therefore, S induces an isomorphism S on 
H/ annV. Since V is simple, H/ annV is a simple algebra of dimension 4. Let 
TT : H —> H/ a.nnV be the natural surjection. Then n* : (H/annV)* — s- H* is an 
injective coalgebra map which satisfies the commutative diagram: 

(H/eninV)* —^^H* 

* " 
(H/aimV)* ^^^H* . 

In particular, C = 7r*((ii/anny)*) is a simple subcoalgebra of H* stabilized by 
S*. 

Let K be the subalgebra of H* generated by C. Then isT is a Hopf subalgebra 
of H* and hence dimK = 4,p, 2p or 4p. Since K contains the simple subcoalgebra 
C, dimK 7^ A, p. If dimii' = 2p, then K is a. cyclic group algebra by Lemma 2.1 
but this is absurd. So we have dimisT = 4p, and hence H* = K. By [Nat3], there 
exists an exact sequence of Hopf algebras 

1 ^ k^ ^ ii* ^ B ^ 1, 

where B* is a non-semisimple pointed Hopf algebra and G is a finite group. Note 
that dimi? can only be 4 or Ap since Hopf algebras of dimension 2, 2p, p are semisim- 
ple. If divaB = 4, then G is a cyclic group of order p and it follows from Remark 1.6 
that B = H4. Since k*^ = k[G] as Hopf algebras, G{H*) contains a subgroup of or- 
der p. It follows from Lemma 2.3 that H* is pointed but this is absurd. This forces 
dimi? = 4p and hence H* = B. In particular, H is pointed. By [AN, Lemma A.l], 
H = A{t^ 1). It follows from [Radl] that every 2-dimensional simple ii-module is 
not self-dual, a contradiction. D 

3. p-DIMENSIONAL HOPF ALGEBRAS IN A YETTER-DRINFELD CATEGORY 

Let p be an odd prime. The Radford biproduct or bosonization R x ii4 of a 
p-dimensional braided Hopf algebra R in the Yetter-Drinfeld category ^Jj^^i? is a 
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non-semisiniple Hopf algebra of dimension Ap. In addition, if 1r is the unique 
group-like element of R, then G{R x H4) is of order 2, and hence, by Theorem I, 
R X H4 is not pointed. However, it remains unclear whether such a braided Hopf 
algebra exists. 

In this section, we mainly study p-dimensional braided Hopf algebras in fj^yT^, 
and we show in Theorem 3.1 that they must be semisimplc as a k-algebra. Moreover, 
the bosonization R x H4 is pointed if, and only if, R is commutative. If R is not 
commutative, we show in Theorem 3.8 that |G'(i?*)| = 1 mod 4. This theorem 
implies that all the 7 or 11 dimensional braided Hopf algebras in ^j'^y'D are trivial 
Hopf algebras. 

Recall that a Yetter-Drinfeld module over a Hopf algebra _B is a k- vector space 
V equipped with a left i?-module action > and a left B-comodule action pv '-V -^ 
B ®V which satisfy the compatibility condition: 

for 6 G -B and v E V, where pviv) = w_i ® uo is the Sweedler notation with the 
summation suppressed again. The Yetter-Drinfeld category ^"D, which consists 
of the Yetter-Drinfeld modules over B as objects, is a braided monoidal category. 
One can define a Hopf algebra in such category (cf. [Mon] or [And] ) , and it is often 
called a braided Hopf algebra in ^V. The Radford biproduct or bosonization 
R X B constructed from a braided Hopf algebra R in ^V is an ordinary Hopf 
algebra [Rad3]. If both R and B are finite-dimensional, then R* is naturally a 
braided Hopf algebra in ^.J^I? and we have an isomorphism 

(3.1) {R X B)* ^R* X B* 

as Hopf algebras. 

The underlying space oi Rx B is R^B. For simplicity, we use the identifications 
r = r (g) 1_B and b = Ir ® b in R x B for r € R and b E B. Under this convention, 
the multiplication, the comultiplication, the counit and the antipode oi R x B are 
given by 

{ra){sb) ■.= r{ai>s)a2b, A{rb) := r(i)(r(2))_i6i ® (r(2))o&2, 

e{rb) := e«(r)6s(fe), and S{rb) = (5s(fo2) > ^flM)5B(6i) 

for r,s £ R, a,b & B where Aij(r) = r^^^ (g) r^^^ denotes the Sweedler notation for 
the comultiplication An of R. 

We mainly focus on p-dimensional braided Hopf algebras in u^yD in this section, 
and they are always semisimple and cosemisimple. 

Theorem 3.1. For any p- dimensional braided Hopf algebra R in ^"3^2?, R and R* 
are semisimple algebras. 

Proof. Let S be the antipode oi R x H4,. Then R is stable under S"^. By [AS2, 
Theorem 7.3], it suffices to show that Ty{S'^\b) ^ 0. Suppose Ty{S'^\r) = 0. By 
Corollary 2.4, oiA{S^\b) is a positive power of 2. In view of Lemma 1.4, dimi? is 
even which is a contradiction. D 

For a Hopf algebra H of dimension Ap such that H and H* are not pointed, one 
would like to know when it can be isomorphic to a bosonization of the form R x H^. 
The following proposition provides a sufficient condition. 
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Proposition 3.2. Let H he a Ap- dimensional Hopf algebra such that neither H 
nor H* is pointed. Then H = Rx H4 for some braided Hopf algebra R in [/yD if 
and only if both H and H* admit a non-trivial skew primitive element. 

Proof. Since R x H/^ and {R x H4)* contain a Hopf subalgebra isomorphic to H^, 
both of thcni contain a non-trivial skew primitive element. Conversely, we assume 
both H and H* admit a non-trivial skew primitive element. It follows from Theorem 
I that \G{H)\ ^ \G{H*)\ = 2. By [AN, Proposition 1.8], there exists a non- 
scmisimple Hopf subalgebra K of H such that dimK = mn^ with n > 1 and 
|G(A')| = mn. Since \G{H)\ = 2, n = 2 and m = 1. Therefore, K is isomorphic to 
the Sweedler algebra Hi (cf. Remark 1.6). By the same reason, H* also contains 
a Hopf subalgebra isomorphic to H^. Since if 4 = H^ there exists a Hopf algebra 
surjection it : H ^ H4. It is well known that R ;= ffco-K ^^^^ j^i ._ j^cott ^^.^ 
left coideal subalgebras of H. Moreover, K' C R and i? is a Hopf module in j^/Al- 
Note that tt{K) is a Hopf subalgebra of H4, and dimA'' = 1, 2 or 4. More precisely, 
K' = k, Ik[X]/[X^] or H4 as k-algebras, and they are Frobenius algebras. By [Mas], 
i? is a free module over K'. This forces dimA'' = 1 as dimi? = p. Thus, tt{K) = H4 
or 7r|_R- : K — )• H4 is a Hopf algebra isomorphism. It follows from [Rad3] that R is 
a braided Hopf algebra in j/yD, and H = R x H4 as Hopf algebras. D 

To proceed with our discussion, we further establish some basic facts on semisim- 
ple braided Hopf algebras in a Yetter-Drinfeld category. The readers are referred 
to [FMS] for more details. 

Let us assume that both B and R arc finite-dimensional. By [FMS, Remark 5.9], 
i? is a Frobenius algebra with the Frobenius map Xn given by a right integral of 
R*, i.e. A_R,(r(^))r(^) = Ai?(r)lfl for all r & R. Moreover, A_r determines an element 
X e G{B*) by the equation 

(3.2) Ai?(6i>r) =x(6)Afl(r) for all & e B, r e i? . 

The algebra R also admits a right integral A^ G R such that Afl(Afl) = 1. This 
implies that 

(3.3) fo > Afl = x(&)Ak for all 6 e S. 

If R is semisimple, it has been proved in [FMS, p4885] that efl(Afl) ^ and x = ^b- 
This implies 

(3.4) Afl(6i>r) = eB(&)Afl(r) and bt> Ar = eBib)AR 

for b E B. We also need the following lemma for semisimple braided Hopf algebras. 

Lemma 3.3. Let B be a finite- dimensional Hopf algebra over k, and R a braided 
Hopf algebra in the Yetter-Drinfeld category ^T> such that R is a semisimple k- 
algebra. Suppose Ar is a right integral of R and Xr is a right integral of R* . Then 

(3.5) Pr{Ar) = 1b ® Ar, Sr{Ar) = Ar and r_iAfl(ro) = iBAfl(r) 
for r E R. 

Proof. From [Doi, 1.6], there exists a group- like element z E B such that 

Pfl(AflJ = Sb{z) ® Ar and XR{r)z = Sg^{r^i)XR{ro) 

for r £ R. Since eR^-^R,) ^ and eR is a i3-comodule map, i.e. £r{Ar)1b = 
5'B(z)ei?(Afl), we find Sb{z) = Is- Hence, the first and the last equalities follow 
immediately. 
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Note that Sr is a bijection which satisfies SR{rs) = 5'_R(r_i > s)5_R(ro) for aU 
r, s G R. In particular, we have 

eR{s)SR{AR) = 5i,XAj,s) = Sr{s)Sr{Ar) . 

Since e/j o Sr = ej,'; S'fl;(Aji') is also a left integral. The semisimplicity of R implies 

Sr{Ar) — -fAR for some 7 G k. Since eR(Afl) ^ 0, we find 7=1. D 

Now, we return to our specific case where B is the Sweedler algebra H4. The 
elements x,g G i?4 defined in the end of Section 1 will be used in the reminder of 
Section 3 and Section 4. 

Let us first consider iJ4-inodulc algebras which are semisimple as k-algebras. 

Lemma 3.4. Let A be a finite- dimensional left (resp. right) H^-module algebra. If 
A is a semisimple algebra and e is a central idempotent of A such that I = Ae is 
closed under the action of g, then I is a H^-submodule of A, and 

g > e ~ e and x > e = 0. 

In particular, I is also a Hi-module algebra. 

Proof. If e is not a primitive idempotent, write e = ei + • • • + e^ as a sum of 
orthogonal primitive central idempotents of A. Then e^e — Ci ~ eei e / for 
\ < i < k. Note that g acts on A as an algebra automorphism. Since / is an ideal 
closed under g-action, g i> Ci G I is & primitive central idempotent of A, and the 
action of g permutes the idempotents ei, . . . , efc. Thus, we have g> e = e. Note 
that 

(3.6) x\> e ^ xt> e ~ {x\> e)(g > e) + e{x \> e) ~ 2e{x > e) £ I. 

The equality also implies that x > e ~ 2x\> e. Since k is of characteristic zero, 
x\>e = Q. Now, for any r £ R, wc find x> (re) = (a;t>r)e G /. Therefore, / is closed 
under the i/4-action. D 

Lemma 3.5. Let R be a finite- dimensional braided Hopf algebra in j^^yV. If R is 
a semisimple algebra and I is a 1-dimensional ideal of R, then x > I ~ 0. 

Proof. Since R is semisimple, there exists a primitive central idempotent ei of R 
such that / = Rei. If g > ei = ei, then x > ei = by Lemma 3.4. Now, we 
assume g > ei = e^ 7^ e\. Then ei is also a primitive central idempotent of R and 
6162 = 0. The ideal / = R.e\ + Re^ = R{ei + 62) is closed under the action of 
g. By Lemma 3.4, x > Ci = anci + 01^262 for some a^ G k and i,j G {1, 2}, and 
a; > (ei + €2) = 0. These equations imply an = —ai\ and ai2 = —otxi- By the 
equation gxi> e\ = —x t> 62, we find ai2 = —021 and an = —0122. Thus, we have 
xi> ei = a{ei + 62) and x > ei — — a(ei + ei), where a = an. Applying (3.4) 
with b = g and r ~ ei, we obtain Afl(ei) = ^R{ei). Since ker A^; cannot have any 
non-zero ideal of i?, Aij(ei) 7^ 0. Applying (3.4) again with b ~ x and r = ei, we 
find 2aA(ei) = which implies a = 0. Therefore, x > / = 0. D 

Proposition 3.6. Let R be a p-dimensional Hopf algebra in j/^yD. The following 
statements are equivalent: 
(i) R is commutative; 

(ii) R is cocommutative; 

(iii) R X _ff4 is pointed; 

(iv) {R X H4)* is pointed; 
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(v) R admits a g-invariant 1- dimensional ideal I which is not spanned by any 
non-zero integral of R. 

(vi) The action of x on R is trivial. 
If one of the equivalent statements holds, then the H^-action and the H^-coaction 
of R are trivial. In particular, R is an ordinary Hopf algebra. 

Proof Let H be the biproduct Rx H4. By (3.1), H* = i?* x iJ^. Note that R and 

R* are scmisiniple algebras by Theorem 3.1. 

(i) =^ (iv) and (vi). Since i? is a commutative semisimple algebra, i? is a direct 

sum of 1-dimensional ideals. By Lemma 3.5, x > R ^ 0. Then Hx is a Hopf ideal 

of H and dmiHx = 2p. Therefore, H* is pointed by Lemma 2.1. 

(ii) => (iii). Since R is cocommutative, R* is a commutative braided Hopf algebra 

in jjXyT>. Since H^ = II4, the isomorphism in (3.1) and the preceding paragraph 

imply R x II4 is pointed. 

(iii) => (i) and (h). If H is pointed, then G{II) is a cyclic group of order 2p. Since 

\G{II)\ > 2, it follows from [RadS, 2.11] that there exists a non-trivial group-like 

element r E G{R) such that pR{r) = IH4 <8) r. Then r is a group-like element of 

H, ord(r) = p and R = k[r]. In particular, R is an ordinary Hopf algebra and the 

iJ4-coaction on R is trivial. 

(iv) => (i), (ii), (v) and (vi). By (3.1), R* x H^ is pointed. Using the same argument 

as in the preceding paragraph, R* is isomorphic to the ordinary Hopf algebra k[Zp], 

and the i^l-coaction on R* is trivial. Therefore, the _ff4-action on R is trivial. In 

particular, g acts as identity on R, and x acts trivially. 

(v) =^ (iv). Let X be the character of R associated with the 1-dimensional ideal 

/. Then x £ G{R*) and x ¥" ^R- Since / is g-invariant, x t> / = by Lemma 3.5. 

Thus, PR* {x) = ^Hi ® X- In view of [RadS, 2.11], R* x HI has at least 3 group-like 

elements. By Theorem I, (i? x H4)* is pointed. 

(vi) => (i). Since x acts on R trivially, / = Hx is a 2p-dimcnsional Hopf ideal in 

H . By Lemma 2.1, H / 1 is isomorphic to a cyclic group algebra of dimension 2p. 

Since R is isomorphic to the subalgebra i? -f- / of H/I , R is commutative. D 

We continue to study the possible non-commutative p-dimensional braided Hopf 
algebras R in ffyD. Since i? is a semisimple k-algebra, one can always decompose 
R into a direct product of simple ideals. Since the group-like element g G G{Hi) 
acts as a k-algebra automorphism on R, the action of g permutes the simple ideals 
of R. In particular, Ai = I + {gt> I) is g-stable for any simple ideal / of R. In view 
of Lemma 3.4, Aj is stable under the action H4 and is a iJ4-module algebra. The 
ideal Aj is called a H^-simple ideal of R in the sequel. 

A semisimple braided Hopf algebra R in j/yV can be decomposed into a direct 
product of _ff4-simple ideals. Namely, 

(3.7) R = Ai®---®Ai 

where Ai = I + {g> I) for some simple ideal / of R. Therefore, 

(3.8) Rx H4 = AiH4®---®AiH4 

is an ideal decomposition of the biproduct R x H4. 

Let ^ be a iJ4-simple ideal of the semisimple braided Hopf algebra R in H^yT>. 
Then A does not admit any proper iJ4-invariant ideal of R. Let cq = {^Hi + g)/2 
and ei = (1//^ — g)/2. Then eo,ei are idempotents of H4 and {eo,ei, a;eo,a;ei} 
forms a k-basis for H4. Moreover, it forms an i?-basis for R x H4. 
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Suppose 

(3.9) E — rieo + r2ei + r^xeo + r4xei 

is a central idempotent of AH4 for some ?'i , ?'2 , ''a , ''4 G A. Since gE = Eg, we find 

(3.10) g>ri^ri, g>r2=r2, g>r3 = -r3, gt>r4 = -r4. 
Similarly, by the equality xE — Ex, we find 

(3.11) X t> ri ^ x\>r2 =0 and a: > ra = 2; > r4 = ri — r2 . 

Note that 

Eeo = rico + r^xeo, Eei = 7-261 + 7-4x61 
are idempotents. This implies 

(3.12) 7-^ = ri, 7-2 = r2, r^ = rir^, + r^r2, r^ = r2r4 + r47-i . 
For 7- G A, the commutativity rE — Er implies 

(3.13) [ri,r] == -r3(x>r), [r2, r] = r4(x > r), [rs, r] = [r4, r] = 
whenever g > r = r, and 

(3.14) rri = r2r + ri{x > r), rr2 = ?-i7- — 7-3(0; > r), rr^ = r^r, rr^ — r^r 
whenever g > r = —r. In particular, we have 

(3.15) [ruTj] = for i e {l,2},j G {3,4}, and [rg +r4,r] = for all r £ A . 
In view of (3.12), 

(3.16) rs = r3(ri + r2) = (ri + r2)r3 and r4 = r4(ri + r2) = (ri + r2)r4 . 

Lemma 3.7. Let I he a simple ideal of R of dimension 'n? . 

(i) If Ai is a simple ideal of R or the action of x on Aj is trivial, then AjH^ is 

an indecomposable ideal of R x H4 . 
(ii) If Aj — IO{g>I), then every simple quotient algebra ofAjH^ has dimension 
An^ . Moreover, AjH^ is either a direct sum of two simple ideals of dimension 
An^ or a primary algebra, i.e „ J a g 1 *■* "^ simple algebra of dimension 4n^. 
(iii) If Aj = I(B(g>I) and the action of x on Aj is trivial, then AjH^ is a primary 
algebra and j^g2iA^H ) ^^ ^ simple algebra of dimension An^. 
In particular, A1H4 is either an indecomposable ideal or a direct sum of two simple 
ideals of dimension An^ . 

Proof, (i) Suppose E, given by (3.9), is a non-zero central idempotent of AjH^. If 
Ai is simple, then (3.15) implies that rs + r4 = 7IA7 for some scalar 7 G k. By 
Lemma 3.4, a; > (ra + r/C) = 0. Hence, by (3.11), ri = r2. If the action of x on Ai 
is trivial, then we also have ri = r2 by (3.11). It follows from (3.12) that ri is a 
non-zero idempotent, otherwise E = 0. Thus, r.i = 2riri for i = 3,4. This implies 
that ra = r4 = and E = ri. In particular, ri is a non-zero central idempotent of 
Ai. Since Aj is iJ4-simple and ri is g-invariant by (3.10), ri must be the identity 
of Aj. Thus, there is no non-trivial central idempotent in Ai x H4. 

(ii) For the first statement, it is equivalent to show that every simple j4/iJ4-module 
V has dimension 27i. By restriction, V is an A/-module and so F = miVi -|- 7712V2 
as ^/-modules where Vi , V2 are the simple modules of / and g>I respectively. We 
claim that mi = 777,2 = 1- Let zi, . . . , Zmi G V such that Izt is a simple /-module 
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and IV = Izi • • • © Izmi ■ Then gIV ~ gizi © • • • © glzm^ is a decomposition 
of vector subspaces and gIzi = [g > I)gzi is g t> /-module. Therefore, mi < 771,2. 
Similarly, one can show that 7772 < 7711, and hence mi = 7712 = 777. Therefore, 
dimy = 277777, and so j^ij2(A^H ] contains a simple ideal of dimension 4777^77^. This 
forces 777 = 1 and dimy = 277. 

If A1H4 is not a primary algebra, then there is more than one simple module 
over AiHi. Thus, we have the inequality 

Sir^ = dimAiH4 > dim | „ ,/, \^ , ) > 877^ 
\Raa[AiH4) J 

Therefore, Rad{AjH4) = and A1H4 is a direct sum of two simple ideals of di- 
mension 477^. 

(iii) If the action of x on Ai is trivial, then A1H4X is a nilpotent ideal of A1H4. In 
particular, AjH^ is not semisimple. In view of (ii), AjH^ is a primary algebra. D 

Theorem 3.8. Let p be an odd prime and R a non-commutative p-dimensional 
braided H op f algebra in j/yV. Then \G{R*)\ and \G{R)\ are integers congruent to 
1 modulo 4- 

Proof. By Proposition 3.6, R* is also non-commutative. It suffices to show that 
|G'(i?*)| = 1 mod 4. Since g acts on R as an algebra automorphism, g permutes 
the simple ideals of R. In particular, g permutes the set D of 1-dimensional ideals 
of R and g fixes the ideal spanned by a non-zero integral A^ of R. If g fixes another 
1-dimensional ideal which is not spanned by A/j, then it follows from Proposition 
3.6 that R is commutative. Therefore, g fixes exactly one element of D and hence 
\0\ is an odd number. 

Now, we assume that |D| = 3 mod 4. Let / be a 1-dimensional ideal of R such 
that An ^ I . Then A = I ® {g > I) is a, 2-dimensional if4-simple ideal. In view 
of Lemma 3.5, the action of x on A is trivial. It follows from Lemma 3.7 (iii) that 
AH4 is an indecomposable ideal of i? x H4 and di-mAH4 = 8. By Lemma 3.7, for 
any simple ideal J oi R with dim J > 1, each indecomposable ideal summand of 
{J+{g>J))H4 has dimension at least 16. Therefore, O = {A1H4 \ I E D, I ^ kA^.} 
are all the 8-dimensional indecomposable ideal summands oi R x H4. Moreover, 
each of these indecomposable summands is primary and its simple quotient is 4- 
dimensional. The antipode S oi Rx H4 permutes the ideals in D. Since \D \ is an odd 
number and ord(S') is a power of 2 by Lemma 2.5, one of these 8-dimensional ideals 
is stable under S. Therefore, the associated 2-dimensional simple {R x i74)-module 
is self-dual. However, this contradicts Lemma 2.6. Therefore |D| = 1 mod 4. 

Since \G{R*)\ = |D|, the result follows. D 

Corollary 3.9. Braided Hopf algebras of dimension 3, 7 or 11 in f/yD are trivial 
Yetter-Drinfeld modules, and they are group algebras. 

Proof. Note that these braided Hopf algebras R are semisimple by Theorem 3.1. 
Thus, R is obviously commutative when dinii? = 3. Suppose there exists a braided 
Hopf algebra R in f/^yV of dimension 7 or 11 which is not a commutative algebra. 
The number of 1-dimcnsional characters of R is cither congruent to 3 modulo 4 or 
equal to 2, but this contradicts Theorem 3.8. Therefore, R must be commutative, 
and the result follows immediately from Proposition 3.6. D 
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4. Braided Hopf algebras of dimension 5 in ^"^yv 

Theorem 3.8 cannot be applied to decide the commutativity of a braided Hopf 
algebra of dimension congruent to 1 modulo 4. In this section, we use the result 
of Chen and Zhang [CZ] on the classification of 4-dimensional matrix algebra in 
D{H ^)-m.od to deal with the 5-dimensional case, and we prove 

Lemma 4.1. Braided Hopf algebras of dimension 5 in f/yD are commutative. 

The proof of Lemma 4.1 will be elaborated in the remainder of this section. We 
will continue to use the convention for the Sweedler algebra H^ introduced in the 
end of Section 1. 

Remark 4.2. The classification of 4-dimensional matrix algebras in fj^yD follows 
immediately from [CZ, Theorem 4.10]. In general, for any finite- dimensional Hopf 
algebra B , the categories C = £'(i?)-mod andT> = ^T) are isomorphic as monoidal 
categories under the strict monoidal functor J- : C ^ V defined as follows: for 
M £ C, the B-module structure of J-{M) is the B -restriction of M , and the left 
B-comodule structure p : M -^ B ® M of J-{M) given by 

(4.1) p{v)^Y.^B{h)®b'v 

i 

forv 6 M, where {bi}i is a basis for B and {b^}i is its dual basis. For any morphism 
f : M ^ N in C, the assignment J-{f) :^ f is a morphism from J^{M) to J-{N) 
in v. Since M = J'{M) as vector spaces, dimM = dmiT{M) for all M £ C. 

This isomorphism of monoidal categories implies that A is an algebra in C if, and 
only, if !F{A) is an algebra in D . In this case, A = J^{A) as h-algebras. Moreover, A 
and B are isomorphic algebras in C if, and only if J-'{A) and J-{B) are isomorphic 
algebras in V. 

Assume i? is a 5-dimensional non-commutative braided Hopf algebra in f/yT> 
with left iJ4-action > and left _ff4-coaction p^. By Theorem 3.1, i? is a semisimple 
k-algebra, and so R has a unique ideal decomposition R ~ A ® I where A is a 
4-dimensional ideal isomorphic to a matrix algebra and / is an 1-dimensional ideal 
generated by the normalized integral e = Aij/eij(Aij). Hence, ^niA) = and e is a 
central idempotent of R. It follows from (3.4) and Lemma 3.3 that t\> e = eHi{t)e 
for t S Hi, and PR{e) = Ih^ ® e. Since the action of g is an algebra automorphism 
oi R, g t> A = A and hence g fixes the central idempotent l of A. By Lemma 3.4, 
A is closed under the i74-action of R and .t t> i = 0. Thus, A is also a iJ4-module 
algebra. 

The left i74-comodulc algebra structure of R induces a right i74-modulc algebra 
on R. Since HI = H4 as Hopf algebras, by the preceding arguments, A is also 
a right i?|-submodule of R and hence a iJ4-subcomodule of R. Thus, A is a 4- 
dimensional matrix algebra in the category f/yT>. Since R is not commutative and 
X acts trivially on /, the cc-action on A cannot be trivial by Proposition 3.6. 

In view of Remark 4.2, we apply the classification of 4-dimensional matrix algebra 
in ij^yT) follows from [CZ, Theorem 4.10]. Since the x-action on A is trivial and k 
is algebraically closed, the Yetter-Drinfeld i?4-algebra A can only be isomorphic to 
the corresponding classes (c), (h), (i), (k), (m) or (n) of [CZ, Theorem 4.10]. There 
exist u,v £ A such that {i,u,v,uv} forms a basis for A and satisfy the relations 

(4.2) u^ = at, w^ = fib, uv + vu ~ jl for some a,f3,j G k , 
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and the -ff4-action > is given by 

(4.3) x > M = 0, x>v = i, gt>u~—u, g>v = ~v. 

The i/4-comodule structures on A can only be one of the foUowing three cases: 
(A) pn{u) = lff4 ®u + 2x® uv, Pr{v) = g ^v — 2[ixg ® i and 7 = 0; 

(4.4) (B) PFti'u) = g®u, Pb,{v) = Tjxg ® i + g®v where 77 G k; 
(C) pR{u)=xg®L-[-g®u, pr{v) = g'S>v. 

By (4.3), A can be decomposed into a direct sum A — Pq (B Pi of i/4-submodules, 
where Pq is spanned by uv, u and Pi by v, l. The 7J4-modules Pq and Pi are two 
principal modules of H4, i.e. i?4 = Po ffi -Pi- Therefore, R^ Pq (B Pi® I is a. direct 
sum of indecomposable i/4-subniodules of R. Note that 

Homa, iP,,Pj) = UouiH, (Po , /) = Hom^, (/, Pi ) = HomH, (/, /) ^ k 

as k-linear spaces for all i,j = 0, 1. Since the antipode of P is a left iJ4-module 
map, we have 



SR{i) '- 


= Cii 




Sniu) -- 


C2U 




SrIv) = 


C3W +Ci« 




Sr{uv) = 


- Ca 


+C2UW +C5e 


SR{e) - 


= Cei 


+C7e 



for some Qi, . . . ,(j G k. Since 5'fl(lfl,) = 1^ and eRoSR^ = eR, it follows immediately 
from Lemma 3.3 that 

C5 = Ce = 0, and Ci = C7 = 1- 

Let Xr be a right integral of P* such that Afl(e) = 1. Since P* is also a 
semisimple k-algebra, Xr is a two-sided integral. In view of (3.4) and (4.3), Xr{l) = 
Xr(u) = Xr{v) = 0. Since ker A^ cannot contain any non-zero ideal of P, Xr{uv) ^ 
0. It follows from (3.5) of Lemma 3.3 that case (A) of (4.4) is impossible. 

One can renormalize m or t; to further assume Xr{uv) = 1. Then it follows from 
(4.2) that Xr{vu) = —1. With respect to the Frobenius map Xr, {l, u, v, uv, e} and 
{uv, — u, u, L, e} form a pair of the dual bases for P, i.e. 

r — iXR{uvr) — uXR{vr) + vXR(ur) + uvXR{Lr) + eXR{er) for r ^ R. 

By [FMS], 

(4.5) i®uv — u®v-\-v®u-\-uv®i + e®e 

= 5^^((e(^))o) ® enA{e^^yU)Stiie^'^U) > e^^^ 

Hence 

(4.6) Sr{l) (g)uv~ Sr{u) (g}v + Sr{v) (E}u + Sr{uv) (g) l + SrXc) ® e 

= (e(^))o®5^:((e(^))-i)>e«. 
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Applying A_r (E> id to the equation, we then have 

(4.7) C2^ + e = Afl((e(2))o)5-i((e(2))_^)^e(i) 

= Afi(e(2))^^](lffJ>e(i) = Ai,(e(2))e(i) = l«Afi(e) ^ 1r. 
Therefore, C2 = 1- Applying the equality 

(cf. [Doi, 1.6]) to (4.5), wc find jL + e = l^ and hence 7=1. However, this implies 
Sr cannot be an anti-algebra homomorphism in the braided sense, i.e. 

(4.8) SRirs)^ir_,>SR{s))SR{ro). 

Suppose Sr satisfies the condition (4.8). In both cases (B) and (C), we find 

(u_l O Sr{u))Sr{uo) = -Qfi, Sr{u^) = Qfi, 

{v-1 > Sr{u))Sr{vq) = -Cacti - uv, Sr{vu) = (1 - C4)t - uv . 
These equalities imply a = and C4 = 1. Thus, Sr{uv) ~ uv + l. Since 

/ n / \\n f \ f uv — L forcasc (B) and 

(«_i > Sr{v))Sr{uo) = I ^^ _ 2, for case (C), 

both cases (B) and (C) do not satisfy (4.8). Therefore, there does not exist any 
non-commutative semisimple braided Hopf algebra of dimension 5 in ]/yT>. This 
completes the proof of Lemma 4.1. D 

5. Non-Semisimple Hope algebras oe dimension 20, 28 and 44 

Let iJ be a non-semisimple Hopf algebra over k of dimension Ap where p is an 
odd prime. By Proposition 3.2, if H and H* are not pointed and they both admit 
a non-trivial skew primitive element, then iJ is a biproduct of the form R x _ff4. In 
this section, we prove the following technical lemma: 

Lemma 5.1. If H is a non-semisimple Hopf algebra over k of dimension Ap where 
p = 3, 5, 7, 11, then both H and H* have a non-trivial skew primitive element. 

As a consequence, we can complete the proof of Theorem II. 

Proof of Theorem II. Suppose H and H* are not pointed. By Lemma 5.1 and 
Proposition 3.2, H = R x Hj^ for some braided Hopf algebra R in fj^yD and 
dimi? = 3, 5, 7 or 11. Applying Corollary 3.9 and Lemma 4.1, i? is a commutative 
algebra. By Proposition 3.6, R x iJ4 is a pointed Hopf algebra, a contradiction. D 

The remainder of the section is devoted to prove Lemma 5.1, and we need to 
establish a few lemmas for the proof. Throughout this section, we assume i7 is a 
non-semisimple Hopf algebra over k of dimension 4p, and let 

Irri(i7) = {[/ e Irr(i7) | dimC/ is odd }. 

Lemma 5.2. Let V be a simple H -module with dimT^ > 1. Suppose V is a com- 
position factor of P{h). Then 

(i) dimP{V) > 2dimF + 1, dimP(k) > dimF + 2, and dimP(k) is even. 
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(ii) IfV^ y^^, then dimP(y) > 2diniy + 2 and 

Welrri(i/) 

is a positive even integer. 

Proof, (i) follows immediately from Lemma 1.2 and Corollary 2.4. 
(ii) li V = V^^^, dimP(F) is even, and hence the inequality follows. Moreover, 
the number of odd dimensional simple constituent of P{V) including multiplicities 
must be even, or X]iVGirri(ff)[-^(^) ■ ^] ^^ even. By Lemma 1.2, [P{k) : V] = 
[P{V) : kct-i] > 1 where a is the distinguished group-like element oi H*. Therefore, 
j:weirr.iH)[PiV):W]>0. D 

The cyclic group D generated by the antipode S acts on Irr(i?) by duality, i.e. 
S-U^W^forUe Irr(iJ). The orbit Dy of [/ e Irr(iJ) is given by 

S)y = {[/,t/^,C/VV^C/VVV^ I 

up to isomorphism. It follows from Lemma 2.5 that \T)u\ = 1, 2, 4 or 8 for all simple 
H-modulcs U. By (1.5), 

p{uy''''®k^^p{u'') 

for U £ Itt{H). Thus, 

(5.1) dimP(VF) = dimP([/) for all W €T)u. 
Therefore, one has the equation 

(5.2) dimH = E dimC/ • dimP{U) = ^ \^u\ ■ dimCZ ■ dimP(C/) 

ueh-r{H) uen 

where 7?. is a complete set of representatives of S)-orbits. 

Lemma 5.3. For any simple H -module U such that dimC/ > 1 and \Tlij\ = 1, 

dimC/ • dimP(t/) > 16. 

Proof. If \'£)ij\ = 1, then U = C/^. In view of Lemma 2.6, dim[/ > 3. Since 
U ^ ;7^^, dimP(C/) is even by Corollary 2.4. Thus, dimP(t/) > dimC/ for dimC/ 
odd. In particular, L'^ is not projective and hence dimP(C/) > 2dimC/. Therefore, 

dimC/ • dimP(C/) > dimC/ • 2dimC/ > 18 

for any odd dimensional U . If dimC/ is even, then dimC/ > 4 and so 

dimC/ • dimP(C/) > (dimC/)^ > 16 . D 

Following [EG2], we always have 

(5.3) dimC/ • dimP(t/) > dimP(k) 

for all U G Irr(_ff). This inequality together with (5.2) imply 

(5.4) I Irr(i/)| < dimiJ/dimP(Ik) . 

Lemma 5.4. Suppose H* does not have any non-trivial skew primitive element. 
Then there exist U,W £ Irr(i/) such that dimf/, dimM^ > 2 and l^jj ^ T>w ■ 
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Proof. Since H* does not have any non-trivial skew primitive element, H* is not 
pointed. In view of Lemma 1.3, P(k) admits a simple subquotient V of dimension 
greater than one. By Theorem I, \G{H*)\ < 2. 

Assume the lemma is false. Then J)y is a complete set of non-isomorphic simple 
_ff- modules with dimension greater than 1. For simplicity, we let 

Do = dimP(Ik), D = dimP(V^), d = diniF and m = |£>y| . 

By Lemma 5.2, Dq > 4 and D > 5. Equation (5.2) becomes 

(5.5) Ap^\G{H*)\Do+mdD. 

The _ff-module F^ P{V) is projective, and dimHouiH {V^ P{V),kp) is equal 
to the multiplicity of -P(Ik^) in an indecomposable decomposition of V"^ ® P{V) for 
/3g G(iJ). By (1.3), 

dimHom«(F- ® P(l^),k,) = [T/0k, : F] = I J '^.l^fjj^'' 

Therefore, by (5.1) and a decomposition of V"^ ® P{V) into indecomposable H- 
modules, we find 

(5.6) dD = dimiV"' (S P{V)) = noDo + niD 

where no,ni are integers satisfying 1 < no < \G{H*)\ and < ni < d. Equations 
(5.5) and (5.6) imply 

(5.7) {d — ni)D^noDo and Ap = {md + k{d — ni))D, 

where k = - — - — - G Z+. Since m,k > 1 and d>2, md + k{d — ni) > 3. Equation 

(5.7) implies D = p and md + k{d — ni) = 4. In particular, D is odd and so 
V ^ V'^'^ . Thus TO > 4, and hence md + k{d — ni) > 8, a contradiction. D 

Now, we can prove our key lemma in this section. 

Proof of Lemma 5.1. By duality, it suffices to show that H* has a non-trivial skew 
primitive element. Suppose H* has only trivial skew primitive elements. Then H* 
is not pointed, and hence, by Theorem I, \G{H*)\ < 2. In view of [EG2, Lemma 
2.3], P(k) has a composition factor V with dimV^ > 2. By Lemma 5.4, there exists 
a simple ff-module W such that dimTy > 2 and Tiw 7^ ©v- 

(i) \T)v\ < 2 and dimP(V^) > 2dimy + 2. Note that 

dimWdimP{W) > dimP(k) > 4. 

By (5.2) and Lemma 5.2, 

44 > dimP(k) + |Dv|dimydimP(y) + dimM^dimP(iy) > 4 + |Dv| • 2 • 5 + 4 . 

This implies \1)v\ < 4 and hence |Sy| < 2. In particular, V ^ V"^^. Thus, the 
desired inequality follows from Lemma 5.2(ii). 

(ii) dimV^ = 2 and dimP(y) > 6. In view of (i), the inequality follows from the 
first equality. 

Assume dimF > 3. By (i) and Lemma 5.2, dimP(y) > 8 and dimP(k) > 6. It 
follows from (5.3) that 

(5.8) diml^dimP(l^) > 6 . 
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We claim that dimVFdiniP(M^) > 8. This inequahty obviously holds for dimVF > 
2. For dimVK = 2, the inequality (5.8) implies diiRP{W) > dimW and hence 
dimP(W^) > 2dimW^. Therefore, dimWd[mP{W) > 8. 
Now, we apply (5.2) to obtain 

44 > dimP(k) + dimV^dimP(\/) + \^w\diniWdhjiP{W) > 6 + 3 • 8 + \T)w\S- 

The inequality forces \'Dw\ — l, and hence, by Lemma 5.3, dimWdimP(VF) > 16. 
However, this implies 

44 > dimi7 > dimP(Ik) + dimydimP(V^) + dimWdimP{W) > 6 + 24+16 
which is absurd, 
(iii) |S)y| == 2 by Lemma 2.6, (i) and (ii). 

(iv) All composition factors of P(V) are of dimension 1 or 2. Suppose there exists 
a composition factor U of P{V) such that dimC/ > 3. Then, by Lemma 1.2 and 
Corollary 2.4, 

dimP(y), dimP(C/) > 8. 
However, 

dimi7 > dimP(k) + |S)y|diml/dimP(y) + dimf7dimP(C/) 

>4 + 2-2-8 + 3-8>44. 

Therefore, all the composition factors of P{V) arc of dimension 1 or 2. 

(v) Let M = ®p^G(H') Pi^p)- By Lemma 1.2, 

PeG{H*) P£G{H*) 

By (iv) and Lemma 5.2(ii), [M : V] > 2. 

Since M is self-dual, [M : V^] = [M : V]. Thus, we have 

dimM > 2\G{H*)\ + 2[AI : l/]dimy > 2\G{H*)\ + 8. 

If \G{H*)\ = 2, then dimP(k) == dimAf/2 > 6 and so dimM^dimP(W^) > 6. Since 
dimP(y) > 6, we find 

dimiJ > dimM + 2dimydimP(y) + \Dw\6 > 12 + 2 • 2 • 6 + \Dw\Q ■ 

This again forces ISiyj = 1. It follows from Lemma 5.3 that dimVKdimP(Ty) > 16. 
However, 

dimM + 2dimydimP(y) + dimM^dimP(M^) > 44 . 

Therefore, \G{H*)\ = 1. In this case, dimP(k) = dimM > 10 andso dimiydimP(iy) > 
10. By (5.4), |Irr(i/)| < 4. Therefore, \Dw\ = 1 and so dimM^dimP(VK) > 16. 
This implies 

dimiJ > dimP(k) + 2dimydimP(y) + dimVKdimP(iy) > 50, 

a contradiction. This completes the proof of the lemma. D 
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